It is shown how the QED concept of a gauge-, scale-and scheme-independent one-loop effective charge can be extended directly at the diagrammatic level to QCD, thus justifying explicitly the "naive non-abelianization" prescription used in renormalon calculus. It is first argued that, for on-shell external fields and at the strictly one-loop level, the required gluon self-energy-like function is precisely that obtained from S-matrix elements via the pinch technique. The generalization of the pinch technique to explicitly off-shell processes is then introduced. It is shown how, as a result of a fundamental cancellation among conventional perturbation theory diagrams, encoded in the QCD Ward identities, the pinch technique one-loop gluon self-energy iΠ ab µν (q) remains gauge-independent and universal regardless of the fact that the "external" fields in the given process are off-shell. This demonstration involves a simple technique enabling the isolation, in an arbitrary gauge, of iΠ ab µν (q) from subclasses of up to several hundred diagrams at once. Furthermore, it is shown how this one-loop cancellation mechanism iterates for the subclasses of n-loop diagrams containing implicitly the Dyson chains of n one-loop self-energies iΠ ab µν (q). The gauge cancellation required for the Dyson summation of iΠ ab µν (q) is thus demonstrated explicitly in the class of ghost-free gauges for all orders n.
Introduction
In quantum electrodynamics (QED), the renormalized photon propagator i∆ Rµν (q) depends on a function d R (q 2 ) which is gauge-independent at all q 2 :
where ξ is the gauge parameter in the class of covariant gauges (ξ = 0 is the Landau gauge) and R denotes renormalized quantities. The function d R is given by the infinite Dyson series in the one-particle-irreducible photon self-energy Π R , illustrated in Fig Summing this series, the propagator Eq. (1) then naturally defines an effective charge for the theory [1] :
This effective charge has the following properties:
• It is gauge-independent, since the photon self-energy is gauge-independent to all orders.
• It is both renormalization scale-(µ-) and scheme-independent. This is a direct result of the QED Ward identity giving the relation Z 1 = Z 2 :
so that e 2 eff (q 2 ) can be expressed entirely in terms of bare quantities.
• At −q 2 /m 2 → ∞, where m is the fermion mass, it matches on to the running couplingē(q 2 ) defined 2 from the renormalization group: at the one-loop level, lim −q 2 /m 2 →∞ e 2 eff (q 2 ) =ē 2 (q 2 ) = e 2 R 1 − (e 2 R /16π 2 )β 1 log(−q 2 /µ 2 )
2 It is important to distinguish between the effective charge, defined from the radiative corrections to the propagator i∆Rµν (q) by Eq. (2) , and the running coupling, defined from the renormalization group β-function by dē(t, eR)/dt = β(ē), with t = 1 2 log(−q 2 /µ 2 ) and boundary conditionē(t = 0, eR) = eR: only for asymptotic q 2 do they coincide.
where β 1 = +4/3 is the coefficient of the first term e 3 /16π 2 in the perturbative expansion of the QED β-function.
• At q 2 = 0 (the Thomson limit), it matches on to the fine structure constant: α eff (0) = α = 1/137.036 . . ..
• For −q 2 /m 2 ≪ 1, it gives the correction to the Coulomb Law interaction between two static heavy charges.
(For an account of renormalization schemes in QED, see [2] .) Using this effective charge, it is then possible to account for a well-defined, infinite, gauge-independent subset of radiative corrections to a photon mediating the tree level interaction between two fermion currents essentially just by making the replacement e → e eff (q 2 ) in the tree level photonfermion-fermion vertices.
In quantum chromodynmanics (QCD), in addition to couplings to fermions similar to that in QED, the gauge bosons also couple directly to one another in triple and quadruple gauge vertices. As a result of these self-couplings, the gauge boson self-energy, while it remains transverse as required by a Slavnov-Taylor identity, becomes gauge-dependent: for SU(N ) QCD with n f flavours of massless fermion, at the one-loop level, Π(ξ, q 2 ) = g 2 16π 2 − 13 6 + ξ 2 N + 2 3 n f −C UV + ln −q 2 µ 2 + 97 36 + ξ 2 + ξ 2 4 N − 10 9 n f (5) where C UV = 1/ǫ + ln(4π) − γ E with γ E Euler's constant (we work always in d = 4 − 2ǫ dimensions and with 't Hooft mass scale µ). Furthermore, in QCD the Slavnov-Taylor identities do not require the relation Z 1 = Z 2 . As a result of these differences, although it is possible to sum the renormalized gluon self-energy in a Dyson series to give a radiativelycorrected gluon propagator, the quantity defined by analogy with the QED effective charge Eq. (2) is in general gauge-, scale-and scheme-dependent, and at asymptotic q 2 does not 3 match on to the QCD running couplingḡ(q 2 ) defined from the renormalization group. The simple QED correspondence between the gauge boson self-energy and an effective charge for the theory is therefore lost.
The existence of an effective charge for QCD analogous to that of QED is nevertheless explicitly assumed in renormalon calculus [4] . The usual framework for renormalon analyses is the 1/n f expansion. In this framework, the leading order corrections to the tree level gluon propagator are given by chains of single fermion loops, i.e. precisely the Dyson series illustrated in Fig. 1 with the blobs here each representing a single fermion loop. The unrenormalized gluon self-energy due to such a loop is given by
where b 1 = +2/3. After renormalization, this self-energy may be summed, exactly as in QED, to give a renormalized gluon propagator, the effects of which may be accounted for by an effective charge at the vertices at each end of the gluon line. However, at this order in the 1/n f expansion, gluons do not contribute to the β-function for the rescaled coupling gn
f , so that b 1 is positive and the fundamental QCD property of asymptotic freedom is absent. In order to introduce this property, the usual procedure is simply to replace b 1 = 2/3 with the full one-loop value b 1 = 2/3 − 11N/(3n f ). Although asymptotic freedom is thereby recovered in the 1/n f framework, this "naive non-abelianization" prescription for the QCD effective charge leaves unanswered the following two basic questions:
1. What gauge-independent combination of gluon and ghost loop corrections to the tree level gluon propagator is one summing, together with the fermion loop corrections, to obtain this effective charge with the full non-abelian one-loop β-function coefficient for the logarithmic term? Although it follows from operator product expansion arguments that, at least at asymptotic q 2 , such a gauge-independent combination must exist, a direct diagrammatic interpretation is lacking. The absence of such a direct interpretation obstructs a proper understanding of the approximations made in renormalon calculus.
2. What is the contribution of this gauge-independent combination of gluon and ghost fields to the constant term (in a given renormalization scheme) in the corresponding one-loop self-energy-like function? The MS fermion loop contribution −10/9 is welldefined, but in the absence of an unambiguous extension of the QED concept of an effective charge to QCD, the contribution from gluon and ghost loops remains undefined. This ambiguity in the value of the constant term leads to different estimates of renormalon contributions to physical observables (see e.g. [5] ).
One possible approach to these questions is provided by the background field method (BFM) [6] . In this approach, the gauge fields are split into background and quantum components, and the gauge-fixing for the quantum fields then chosen such that the effective action remains explicitly invariant under gauge transformations of the background fields. 4 As a result of this exact background gauge invariance, the 1PI background field n-point functions obey to all orders in perturbation theory the same set of Ward identities as the corresponding tree level functions. In particular, this results in the QED-like identity Z 1 = Z 2 . Thus, the effective charge constructed in the BFM via the Dyson summation of the background gluon self-energy is renormalization scale-and scheme-independent, just as in QED, and at asymptotic q 2 matches on to the QCD running couplingḡ(q 2 ) i.e. the coefficient of the logarithm is given by the full one-loop coefficient β 1 = − 11 3 N + 2 3 n f of the SU(N ) QCD β-function. However, while the ultra-violet divergent parts of the background field n-point functions, and hence the renormalization counterterms, are independent of the quantum gauge fixing parameter ξ Q (Kallosh's theorem [7] ), the finite parts are quantum gauge-dependent: for the background gluon self-energy at the one-loop level, Π(ξ Q , q 2 ) = g 2 16π 2 β 1 −C UV + ln −q 2 µ 2 + 67 9 − (1 − ξ Q )(7 + ξ Q ) 4 N − 10 9 n f .
The BFM effective charge, though scale-and scheme-independent, therefore remains gaugedependent. Thus, while the BFM specifies the one-loop corrections to the background gluon propagator which result, independent of ξ Q , in the coefficient β 1 for the logarthmic term in the self-energy Eq. (7), it does not specify a unique gluon and ghost contribution to the constant term. Furthermore, and more fundamentally still, in the BFM formalism the background fields by construction do not propagate inside loops. The BFM effective charge therefore cannot be used to account for the radiative corrections to a quantum gluon propagating across, for example, a fermion loop. 5 The most promising approach to the above questions is provided by the pinch technique (PT). Originally introduced by Cornwall [8] - [11] , and since much developed by Papavassiliou and collaborators [12] - [18] , the PT is based on the observation that one-loop diagrams which appear to give only vertex or box corrections to tree level processes in fact implicitly contain self-energy-like components. Exploiting this observation, the PT provides a well-defined algorithm for the rearrangement of the conventional gauge-dependent one-loop contributions to S-matrix elements into individually gauge-independent one-loop self-energy-like, vertex-like and box-like contributions.
In order to illustrate this, consider the S-matrix element for the four-fermion scattering process ψ
With flavours f = f ′ , the one-loop diagrams for this process are as shown in Fig. 2 . The contribution of the diagram
The complete set of one-loop radiative corrections to the four-fermion process ψ
, together with their pinch parts.
in Fig. 2 (a) involving the conventional gauge boson self-energy Eq. (5) is given by
where
The effect of the PT algorithm is to isolate the self-energy-like components of the remaining diagrams in Fig. 2, defined as [8] - [18] when, in the Feynman integrands, factors of longitudinal gluon four-momentum k µ occur contracted into the Dirac matrices γ µ associated with the gluon-fermion-fermion vertices, triggering the elementary Ward
where S −1 (p, m) = p / − m is the inverse fermion propagator. The effect of these inverse propagators is to cancel the fermion propagators in the integrand. Adding these pinch parts of the vertex and box diagrams to the diagram Fig. 2 (a) involving the conventional gauge boson two-point function and carrying out the loop integrations gives the full oneloop self-energy-like contribution to the four fermion process, illustrated in Fig. 2(j) , and defines the PT gauge boson self-energyΠ(q 2 ):
Up to a trivial dependence on the external spinors, the component Eq. (10) of the S-matrix element for the four-fermion process depends only on the t-channel momentum transfer q 2 , and not on the s-channel momentum transfer (p 1 + p ′ 1 ) 2 or the external fermions' masses. It must therefore be individually gauge-independent, as can be verified by explicit calculation. One obtains [8] 
Thus the PT definition Eq. (10) of the QCD 6 gauge boson self-energy results in the full one-loop β-function coefficient β 1 as the coefficient of the logarithmic term, together with an unambiguous value for the constant term. It is emphasized that all terms in Eq. (11) are fully gauge-independent.
The PT gauge-independent one-loop improper three-and four-point functions [11] [13] are defined in a similar way to the two-point function Eq. (10) . The resulting functions, in addition to being gauge-independent, display many theoretically desirable properties. In particular, they satisfy the same Ward identities as the corresponding tree level quantities. Thus, Z 1 = Z 2 in the PT framework. Furthermore, it has been shown by Degrassi and Sirlin [19] that the PT algorithm in fact corresponds to a systematic use of current algebra, thus demonstrating explicitly the PT's basis in the underlying gauge symmetry of the theory. Also, the PT gluon self-energy has been shown to be universal, i.e. independent of the species of external field in the S-matrix [20] . Lastly, it has been observed that the PT gauge-independent one-loop n-point functions coincide with the background field n-point functions computed in the Feynman quantum gauge ξ Q = 1, both in QCD [21] and the standard electroweak model [22] - [24] .
In general, the PT avoids the gauge-dependence of conventional n-point functions by working directly with S-matrix elements for the interaction of on-shell fields. Using the fact that S-matrix elements are known from general proofs to be gauge-independent, it then follows from simple kinematic arguments that the various one-loop functions obtained in the PT must themselves be individually gauge-independent. However, in QED the photon self-energy is gauge-independent to all orders in perturbation theory regardless of whether or not it occurs as a component of an S-matrix element. Thus, the renormalized QED propagator Eq. (1), and hence the QED effective charge, may be used in processes in which the photon couples to fermions which are explicitly off-shell.
Furthermore, the construction of the effective charge in QED involves, through the Dyson summation, diagrams occurring at all orders in perturbation theory. This summation is essential if the effective charge is to satisfy the known constraints from the renormalization group. An heuristic outline of the Dyson summation of the PT self-energy has been given by Papavassiliou and Pilaftsis [26] involving the re-allocation "by hand" of the pinch contributions required from multi-loop diagrams in the Feynman gauge to form the Dyson chains. However, a direct demonstration of the required generalization of the PT gauge cancellation mechanism from one loop to all orders is lacking.
Lastly, the fundamental criticism [22] of the PT is that it is merely a prescription for the division of S-matrix elements into individually gauge-independent components: because the PT n-point functions are extracted from S-matrix elements, rather than directly from the path integral according to some basic field-theoretic principle, they apparently represent only a particular choice for this decomposition. In the particular case of the gluon two-point function, this issue of uniqueness leads to the question of whether, away from the asymptotic region governed by the renormalization group, the QED concept of an effective charge can be extended unambiguously to QCD at all.
In this paper, it is shown how the QED concept of a gauge-, scale-and schemeindependent effective charge may be extended directly and unambiguously at the diagrammatic level to QCD. The starting point (Sec. 2) is a simple re-analysis of the basic idea of an effective charge. It is argued that for on-shell external fields and at the strictly one-loop level, the required self-energy-like function is precisely that given by the PT. After listing the tree level SU(N ) n-point functions and their Ward identities needed subsequently (Sec. 3), the generalization of the PT to arbitrary off-shell processes is introduced 7 (Sec. 4). The PT one-loop gauge boson self-energy, or "effective" two-point function, is defined (Sec. 4.1) for the general case of explicitly off-shell processes, entirely independent of any embedding in S-matrix elements (or any other a priori gauge-independent quantity). Working in the class of linear covariant gauges, it is then shown explicitly how the PT one-loop gluon "effective" two-point function remains gauge-independent (Sec. 4.2) and universal (Sec. 4.3), despite the gauge-dependence of the various off-shell processes of which it is a component. This involves the consideration in an arbitrary gauge of subclasses of up to several hundred one-loop diagrams. By writing these diagrams as "products" of tree level four-and five-point functions and exploiting the Ward identities satisfied by these n-point functions, the demonstration of the off-shell gauge independence and universality is made simple and the underlying cancellation mechanism responsible is directly identified. Lastly, it is shown (Sec. 4.4) how this one-loop cancellation mechanism extends to the n-loop diagrams involved in the Dyson summation of the PT self-energy. This involves the consideration in an arbitrary non-covariant gauge (chosen to avoid ghosts, as is carefully explained) of subclasses of diagrams occurring at all orders in perturbation theory. It is shown explicitly how, using an iterative procedure, the chains of n PT gauge-independent one-loop self-energies can be isolated in the Feynman integrands for the relevant subclasses of diagrams for all n. The paper finishes with a summary and conclusions. A brief discussion of the relation between the effective charge defined here and that obtained from the static heavy quark potential is given in an appendix.
Effective Charges
In QED, the interaction part of the classical lagrangian is given by
where J µ is the electromagnetic current. 7 The original construction by Cornwall of the PT gluon self-energy in fact involved the couplings of gluons to off-shell scalar fields Φ a contributing to the manifestly gauge-invariant Green's function G(x, y) =
. However, this particular approach was not pursued.
At tree level, the interaction between electromagnetic currents at points x 1 and x 2 is mediated by a single photon and has x-space amplitude given by
where iD µν (x 1 − x 2 ) is the Fourier transform of the tree level photon propagator iD µν (q):
Beyond tree level, the renormalized interaction between the two currents at x 1 and x 2 is given by
where i∆ Rµν (x 1 − x 2 ) is the Fourier transform of the renormalized photon propagator Eq. (1), involving the Dyson summation of the 1PI photon self-energy Π R (q 2 ). There are also of course vertex and box corrections to the tree level four-fermion process Eq. (13), but in QED these make no contribution to the two-point current-current component of the interaction in (15) . Precisely because in (15) the interaction vertices of the photon with the currents J µ (x 1 ), J ν (x 2 ) remain as specified by the interaction part Eq. (12) of the QED classical lagrangian, the radiative corrections to the tree level propagator iD µν included in the renormalized propagator i∆ Rµν can be fully accounted for just by making for the transverse part of the interaction the replacement e → e eff (q 2 ) in the tree level photon-fermion-fermion vertices. In QCD, the interaction part of the classical lagrangian can be written
where J m µ is the chromoelectric current, T m µ denotes the pair of gauge bosons coming from the triple gauge vertex, and Q m µ denotes the triplet of gauge bosons coming from the quadruple gauge vertex:
(the derivative has been symmetrized in T m µ A m µ ). At tree level, the interaction between any pair of terms in the interaction part Eq. (16) of the classical lagrangian at points x 1 and x 2 mediated by a single gluon has amplitude given by the appropriate term from
where iD mn µν (x 1 −x 2 ) is the Fourier transform of the tree level gluon propagator iδ mn D µν (q). If the concept of an effective charge is to be extended directly at the diagrammatic level from QED to QCD, then it must be shown [25] that, beyond tree level, the renormalized interaction between any pair of terms from L int cl at x 1 , x 2 can be written
By definition, i∆ mn Rµν (x 1 − x 2 ) is the gauge boson propagator-like function the effects of which can be fully accounted for just by appropriately changing the coupling appearing in the tree level vertices specified by the interaction part Eq. (16) of the QCD classical lagrangian. It is important to note that i∆ mn Rµν (x 1 − x 2 ) in (21) is defined in terms of the two-point interaction between vertices only from the classical lagrangian-combinations of "external" fields, e.g. ghost-ghost, from tree level vertices which originate from the gauge fixing procedure are not included. This point will be enlarged upon in Sec. 4.4. What then is this function i∆ mn Rµν (x 1 − x 2 )? At the strictly one-loop level (i.e. without any Dyson summation) and for on-shell external fields, it is precisely the Fourier transform of the gauge boson self-energy-like function obtained in the PT: by construction, the PT gauge boson self-energy captures from the integrands for all of the relevant Feynman diagrams the full one-loop interaction between any pair of combinations of on-shell fields from the interaction part L int cl of the classical lagrangian at two points x 1 , x 2 . It is this feature which distinguishes the PT from all other prescriptions for the rearrangement of Smatrix elements into contributions from individually gauge-independent components. For the case of the interaction between fermion fields, this is made particularly transparent in the Degrassi-Sirlin current algebra formulation of the PT [19] . The fact that for on-shell external fields the PT self-energy is indeed universal in this way was shown explicitly in [20] .
However, if the effective charge is to coincide at high energies with the running couplinḡ g(q 2 ) defined from the renormalization group, then the function i∆ mn Rµν in (21) must involve not just one PT self-energy correction to the tree level gluon propagator, but rather the infinite Dyson series inΠ R . Thus, in q-space,
Furthermore, for the corresponding effective charge to be generally applicable as in QED, the interaction (21) between any of the pairs of terms from L int cl must remain uniquely described at all (perturbative) q 2 by the gauge-independent functiond R (q 2 ) when the external fields in (21) are off-shell. This infinite gauge-independent subset of QCD radiative corrections may then be fully accounted for by the gauge-, scale-and scheme-independent QCD effective charge
Thus, we see that the QED concept of an effective charge has nothing to do with the conventionally-defined gauge boson propagator per se. Rather, we argue that it depends on the existence of a unique, gauge-independent subset of radiative corrections to the tree level interaction between sets of fields from L int cl at two points. The corresponding propagator i∆ mn Rµν may be referred to as the Dyson-summed "effective" gauge boson two-point function. In the case of QED, this in fact corresponds to the conventional renormalized gauge boson propagator Eq. (1) only because the theory is abelian. But in a non-abelian theory such as QCD, this function also receives contributions (pinch parts) from the conventionally-defined vertex and box diagrams.
The remainder of this paper is devoted to showing explicitly how the functiond R (q 2 ) occurs in QCD.
QCD Tree Level Ward Identities
The PT rearrangement of perturbation theory diagrams is based on the systematic use of the tree level Ward identites of the theory. Before introducing the off-shell PT, it is convenient to collect together the SU(N ) QCD tree level n-point functions and their associated Ward identities. We consider n f flavours of fermion with mass m f in the fundamantal representation of SU(N ), with hermitian generator matrices T a satisfying Tr T a T b = First, there are the three vertices originating directly from L int cl (all gluon four-momenta q i are incoming; for the purely gluonic n-point functions,
ii) The triple gluon vertex
iii) The quadruple gluon vertex
(There is also the standard linear covariant gauge gluon-ghost-ghost vertex.) In addition to the three vertices originating directly from L int cl , it will be very convenient to define three further n-point functions, constructed from the vertices in L int cl together with the gluon propagator iD µν (q) and the fermion propagator iS(q, m) = i(q / − m + iǫ) −1 : iv) The connected four-point function G ab(f ) αβij (q 1 , q 2 , q 3 , q 4 ) specifying the tree level coupling of a pair of gluons Fig. 3 : v) The connected four-point function G abcd αβγδ (q 1 , q 2 , q 3 , q 4 ) specifying the tree level coupling of four gluons Fig. 4 : vi) Lastly, the connected five-point function G abcde αβγδǫ (q 1 , q 2 , q 3 , q 4 , q 5 ) specifying the tree level coupling of five gluons Fig. 5 :
where the explicit form of G abcde αβγδǫ , involving twenty-five terms, is not recorded here. In order to express the Ward identities obeyed by these n-point functions, it is convenient to define the transverse and longitudinal projection operators
respectively. The Ward identities are then as follows:
i) For the gluon-fermion-fermion vertex (with q 1 + q 2 = q 3 ),
ii) For the triple gluon vertex,
iii) For the quadruple gluon vertex,
iv) For the gluon pair-fermion pair four-point function,
v) For the gluon four-point function,
vi) For the gluon five-point function,
It is important to note the similarities among these identities.
The Off-Shell Pinch Technique
In this section, the generalization of the PT to explicitly off-shell processes is introduced. The one-loop gluon "effective" two-point function is first defined. It is then shown that this function is gauge-independent, universal and that it may be summed in a Dyson series.
4.1. Definition of iΠ mn µν (q) We consider the complete set of one-loop corrections to the tree level gluonic interaction (20) between any pair of the combinations of fields in L int cl . All fields are taken to be off-shell. Then, for example, in the particular case of a pair of fermion currents, the set of diagrams are again those shown in Fig. 2 , but now with the external fermions all off-shell.
In the off-shell PT, the PT one-loop gauge boson "effective" two-point function iΠ mn µν (q) is defined from the coefficientΠ ′ (k, q) of the component of the Feynman integrand of the one-loop interaction with the Lorentz and colour structure of the transverse projection operator between the appropriate pair of tree level vertices:
Then
i.e. iΠ mn µν (q) is transverse by definition. For QED and for fermion (and scalar) loop contributions in QCD, this definition reproduces the conventional gauge boson self-energy defined from the Fourier transform of the conventional two-point Green's function 0|T (A m µ (x 1 )A n ν (x 2 ))|0 . For gauge boson loop contributions however, this definition includes not only the contributions to the conventional self-energy but also pinch contributions. It is emphasized that the definition of the PT "effective" two-point function is in terms of the Feynman integrands corresponding to the diagrams for the interactions: all rearrangements in the PT are carried out under the loop momentum integral sign(s).
The definition Eqs. (38)- (40) of iΠ mn µν (q) is identical to that in the S-matrix PT, except for the fact that the "external" fields in (38) are explicitly off-shell and not contracted into the corresponding spinors and polarization vectors. In each case, with the external fields all off-shell, the corresponding set of one-loop diagrams no longer represents the one-loop contribution to an S-matrix element as in the S-matrix PT, and the overall oneloop amplitude for the given (sub)process is gauge-dependent. However, we will show that, using the definition Eqs. (38)-(40), it remains possible to identify unambiguously at the level of the Feynman integrals a gauge-independent and universal one-loop gluon "effective" two-point component iΠ mn µν (q) of these (sub)processes, exactly analogous to that in QED, and that this self-energy is identical to that obtained in the S-matrix PT.
Gauge-Independence of iΠ mn
µν (q) In order to prove the gauge-independence of the "effective" two-point function iΠ mn µν (q) defined in the off-shell PT, we consider the interaction ψ
2 ) between two off-shell fermion pairs. Of the possible combinations of fields in (38), this is the simplest case. For convenience, and without loss of generality, the fermions are taken to be of different flavour (f = f ′ ). The complete set of one-loop radiative corrections to this tree level process is then as shown in Fig. 2 , where now the fermions are all off-shell. The stategy consists of two steps. First, it is shown how, in the Feynman gauge ξ = 1, the fact that the fermions are off-shell is immaterial to the PT self-energy defined in Eqs. (38)-(40). We thus re-obtain in the off-shell PT with ξ = 1 the result Eq. (11) obtained in the S-matrix PT. Second, it is shown how, for ξ = 1, the additional contributions to iΠ mn µν (q) which occur exactly cancel among themselves. This proves the gauge-independence of the one-loop gluon "effective" self-energy obtained in the off-shell PT. a) ξ = 1 We consider first the diagrams shown in Figs. 6(a), (b) and (c) (symmetry factors have been included explicitly). In order to exploit the Ward identites of the previous section, it is very convenient to express the sum of these five diagrams as the sum of all possible "products" of diagrams on the r.h.s. of Fig. 6 , where the wavy lines represent the two gauge field propagators iD ρ ′ ρ (k 1 ) and iD σ ′ σ (k 2 ) associated with the gluons propagating in the loops. The sums of diagrams Figs. 6(d)+(e)+(f) and (g)+(h)+(i) are each precisely the connected four-point function defined in Eq. (28), consisting of all possible ways of coupling a pair of gluons to a pair of fermions at tree level. Thus, in any gauge, the sum of the five diagrams on the l.h.s. of Fig. 6 can be written in the compact form
where the overall factor 1 2 accounts for the symmetry of G
ρσij under interchange of the gluons propagating in the loops (arguments for the four-point functions are omitted for brevity; k 2 − k 1 = q with, e.g.,
. The five one-loop diagrams formed from the "product" of four-point functions G
In order to identify the PT effective two-point component of these diagrams, it is necessary to isolate all of the factors of longitudinal four-momentum k 1ρ , k 2σ associated with the gluons A r ρ (k 1 ), A s σ (k 2 ) propagating in the loops. In the Feynman gauge, the
respectively. Thus, in this gauge, the only sources of such factors are the triple gluon vertices in Figs. 6(d) and (g).
The triple gluon vertex in Fig. 6 (g) may be decomposed as
The part Γ F νρσ contributes no factors of longitudinal loop four-momentum and obeys a simple Ward identity
2 )g ρσ involving the difference of two inverse gauge field propagators in the Feynman gauge. The part Γ P νρσ by contrast depends only on the longitudinal loop four-momenta.
In order to disentangle the effects of the two triple gluon vertices, it is then convenient to make a similar decomposition for the two four-point functions in Eq. (41). Thus, the four-point function G rs(f ) ρσij represented by the sum of diagrams Figs. 6(g)+(h)+(i) may be decomposed as G
is the part of Fig. 6 (g) proportional to Γ P ,
and G 
easily obtained by writing G F = G − G P and using the Ward identity Eq. (35) for G together with the above definition of G P . An exactly similar decomposition can be made for
. Thus, in the Feynman gauge, we can write The term G P G P is obtained immediately from the definitions Eqs. (44) and (46):
From the definition (38), the transverse projection of all of these terms contributes to the PT effective two-point function.
The term G P G F is obtained using the identity Eq. (47):
From the definition (38), only the term above proportional to ( 
for the spinors u(p 2 , m f ) and u(p 1 , m f ). When the fermions are off-shell, these terms do not vanish, but they make no contribution to the effective two-point function defined in Eqs. (38)- (40) in the off-shell PT. An exactly similar expression to Eq. (51) is obtained from the contraction G F G P , resulting in an identical contribution to the PT self-energy.
Lastly, there is the term G F G F . By definition, the two G F 's do not involve any factors of longitudinal loop four-momentum. When contracted together, they therefore do not trigger any Ward identities, and so do not lead to the cancellation (pinching) of any propagators. This term can therefore be written
where the ellipsis represents the terms involving the fermion propagators appearing in Figs. 6(e), (f), (h) and (i), and which constitute vertex and box corrections to the four-fermion processs. Adding up the above expressions, we obtain
where the ellipsis represents terms which do not contribute to the PT effective two-point function.
In the Feynman gauge, the diagrams Figs. 2(c), (d) and (e) make zero contribution to the PT self-energy: with ξ = 1, there are no factors of longitudinal four-momentum associated with the gluon propagating in the loop to trigger the Ward identity Eq. (32) required to pinch the two fermion propagators. Thus, in this gauge, the entire gluonic contribution to iΠ mn µν (q) comes from the diagrams Figs. 6(a), (b) and (c). It therefore just remains to include the contribution from the conventional linear covariant gauge ghost loop, together with the fermion contribution iΠ
we finally obtain for the off-shell PT one-loop gluon "effective" two-point function
where the functionΠ(q 2 ) is identical to that obtained in the S-matrix PT, given in the introduction in Eq. (11). 8 We make several remarks:
• In obtaining the PT self-energy Eq. (54), an exact cancellation has occurred in the contributions from G P G F and G F G P Eq. (51) between i) components of the conventional self-energy diagram Fig. 6(a) , generated by factors of longitudinal gluon loop four-momentum k 1ρ , k 2σ from the part Γ P of the triple gluon vertices, in which the gluon propagators q −2 have been pinched, and ii) the components of the conventional vertex diagrams, Fig. 6 (b) generated by the same factors k 1ρ , k 2σ , in which the fermion propagtors have been pinched. This cancellation, illustrated schematically in Fig. 7 , is expressed succinctly in the Ward identity Eq. (35) for the gluon pair-fermion pair four-point function (more precisely, in the above Feynman gauge calculation, the cancellation was expressed in the identity Eq. (47) for the part G F of the four-point function). By dealing with the set of diagrams Figs. 6(a)+(b)+(c), as opposed to individual diagrams, we have been able to make this cancellation simply and immediately. We thus see that the PT algorithm amounts to the identification of a fundamental cancellation among contributions to one-loop processes generated by factors of longitudinal four-momentum associated with the gauge fields propagating in loops. This cancellation, expressed in the Ward identities of the theory, is independent of whether the "external" fields are on-shell, as in an S-matrix element, or off-shell, as here.
• An exact cancellation has also occurred between the contribution to iΠ mn µν (q) of the linear covariant gauge ghost component of the the conventional self-energy iΠ mn µν (ξ, q) and the component G P G P of Fig. 6(a) , involving the contraction of the parts Γ P of the triple gluon vertices (cf. Eq. (49)). Furthermore, the components G P G F +G F G P of Figs. 6(a)+(b)+(c) contribute a term to iΠ mn µν (q) identical to that of a set of scalar fields in the adjoint representation, but with an overall minus sign.
• The expression Eq. (54) exactly coincides with the background gluon self-energy computed in the background Feynman gauge. This is a particular example of the general correspondence [21] - [24] between the PT gauge-independent one-loop n-point functions and the background Feynman gauge one-loop n-point functions mentioned in the introduction. Thus, there exists a set of Feynman rules which reproduce the PT one-loop n-point functions.
• As a result of the cancellation described in the first remark, the PT self-energy Eq. (54) couples to the external fermion lines via two single gluon propagators in exactly the same way as any scalar or fermion contributions to the self-energy. Thus, despite initial appearances to the contrary in Figs. 2(g ), (h) and (i), the diagrammatic concept of one-particle irreducibility for the self-energy in the PT is in fact retained.
The next step is to show how the fundamental PT cancellation described above operates for arbitrary values of the gauge parameter, leaving always the PT "effective" two-point function Eq. (54). b) ξ = 1 With ξ = 1, there occur additional contributions to the PT self-energy due to the longitudinal components of the propagators associated with the gauge fields appearing in loops.
We consider first the diagrams Figs. 6(a), (b) and (c) again. With ξ = 1, the product of propagators iD
When contracted in Eq. (41) with the corresponding expression for
For the quadratic factor k 1ρ k 2σ , we obtain
When multiplied with the corresponding expression for
, none of the above terms contributes to the PT self-energy: the last two terms in Eq. (57) involve still the fermion propagators appearing in Figs. 6(h) and (i); the term proportional to the anticommutator 9 {T r , T s } depends explicitly on the momenta and masses of the external fermions; and the tensor coefficient of the tree level gluon-fermion-fermion vertex iγ ν T n ji in the first term is orthogonal to the transverse tensor in the definition (38). It should be noted that all of the terms in Eq. (57) vanish for the case in which the external fermions are on-shell as in the S-matrix PT.
We therefore obtain for the overall one-loop "effective" two-point contribution of the sum of diagrams on the l.h.s. of 
9 It is worth remarking that this term also appears in QED.
where the ξ = 1 term is that obtained above in Eq. (53). With 
where the q-independent factor I 1 is given by the integral 10
This accounts for the contribution to the PT effective two-point function from the diagrams Figs 
Using the Ward identity Eq. (32) for the factors k ρ , k σ and also T r T m T r = (− 
The terms proportional to the fermion propagators S(p 1 − k, m f ) and S(p 2 − k, m f ), which vanish when the external fermions are on-shell, clearly make no contribution to the PT self-energy defined in Eqs. (38)-(40). We can therefore write
where the ellipsis again represents the terms which do not contribute to the PT self-energy. The part of the above tadpole term proportional to C F is associated with the fermion legs, and exactly cancels against the pinch parts of the fermion leg corrections Figs. 2(c) and (e). This leaves the part proportional to − 
3.4. Universality of iΠ mn µν (q) In this section, it is shown how the "effective" self-energy defined in the off-shell PT is universal, i.e. independent of the the particular choice of off-shell external fields in the definition (38). The stategy is similar to that followed in the case of the four-fermion interaction considered above. First, choosing the Feynman gauge, it is shown how the universality follows as a direct and simple result of the Ward identities Eqs. (35)-(37). Second, it is shown how away from the Feynman gauge, the additional contributions to the PT gluon self-energy which occur for any given combination of external fields in all cases exactly cancel among themselves, leaving always the result Eq. (54), independent of the off-shell external fields to which the gluons are coupled. a) ξ = 1 For any pair of the sets of external fields appearing in the definition (38), we consider first the set of one-loop diagrams formed from the "product" of the corresponding pair of tree level connected n-point functions defined in Eqs. (28)- (30) . The amplitude, in any gauge, for the given set of diagrams can be written as the appropriate term from
(arguments for the various n-point functions are again omitted for brevity). For example, for the interaction
between two pairs of off-shell gluons, the diagrams corresponding to the "product" of the subamplitudes Fig. 8 . In all cases, the factor 1 2 in (64) results in the correct symmetry factors for the corresponding diagrams, since each of the tree level n-point functions in (64) is symmetric under interchange of the pair of gluons propagating in the loops. In the most complicated case, i.e. that of the interaction 1 2
(n) Fig. 8 . The ten one-loop diagrams formed from the "product" of four-point functions G
to be clear that, in each case, the diagrams representing the amplitude in (64) still only represent a subset of the complete set of one-loop corrections to the given tree level interaction.
With the gluon four-and five-point functions in (64), there are now many factors of longitudinal gluon four-momentum which occur in the corresponding diagrams. However, exactly as in the case of the four-fermion process in the Feynman gauge, we first decompose the four-and five-point functions on the r.h.s. of (64) as
where (cf. Eq. (46))
It should be noted that G P rsabc ρσαβγ involves the full four-point function G nabc ναβγ , and not just the quaduple gluon vertex Γ nabc ναβγ (cf. the definition Eq. (29)). This is in order to keep simple the Ward identity for G F rsabc
ρσαβγ . An exactly similar decomposition can be made for the four-and five-point functions on the l.h.s. of (64). Then, in the Feynman gauge, just as in Eq. (48), we can write the various terms in (64) as products (G F + G P )(G F + G P ). The isolation of the PT effective self-energy component of the various diagrams in (64) then again involves contracting together these terms and identifying the resulting "effective" two-point components according to the definition Eqs. (38)-(40) ofΠ mn µν (q). For the terms G P G P , clearly in all cases we obtain an expression identical to Eq. (49) except for the appropriate substitution of the corresponding tree-level n-point function Γ mab ναβ or igG mabc ναβγ for iγ ν T n ji on the r.h.s., and
h.s. For the cases involving the four-point functions, we then simply retain the quadruple gluon vertex parts −igΓ mabc ναβγ , −igΓ ma ′ b ′ c ′ µα ′ β ′ γ ′ respectively. Thus, the contribution of the G P G P term to the PT effective self-energy is in all cases identical to that in the four-fermion case.
For the terms G P G F , we need to contract Γ P µρσ with G F rsab ρσαβ and G F rsabc ρσαβγ . Writing in each case G F = G − G P and using the Ward identities Eqs. (36) and (37) respectively, we easily obtain
and
(in Eq. (67), we have used f alm f bmn f cnl = 1 2 N f abc ). Comparing each of these expressions with that Eq. (51) for the four-fermion case, and using the definition Eqs. (38)- (40), we see that in all cases only the term proportional to (k 1 + k 2 ) µ (k 1 + k 2 ) ν ′ contributes to the PT self-energy. Thus, the contribution of the G P G F terms is also in all cases identical to that in the four-fermion case. Clearly, the same holds for the G F G P terms.
Lastly, there are the G F G F terms. In the Feynman gauge, it is not difficult to see that, despite the presence of various longitudinal factors from the triple gluon vertices involved, in all cases the only contribution to the PT self-energy is from the part Γ F Γ F of the conventional gluon loop (shown in Fig. 8(a) for the case of external gluon pairs). Thus, in all cases the contribution of the G F G F terms is as in Eq. (52) in the four-fermion case.
Thus, in the Feynman gauge, the PT one-loop "effective" two-point component of the diagrams corresponding to any of the combinations of external fields in the definition Eqs. (38)- (40) is identical. This is a direct result of the same fundamental cancellation mechanism in each case, expressed in the Ward identities Eqs. (35)-(37). b) ξ = 1 With ξ = 1, we need to consider the effect of the additional factors of longitudinal fourmomentum which occur in the various gluon propagators. As in the four-fermion case, we consider first the effect of the additional factors k 1ρ ′ k 1ρ , k 2σ ′ k 2σ and k 1ρ ′ k 1ρ k 2σ ′ k 2σ which now occur in the product of gauge field propagators iD ρ ′ ρ (k 1 )iD σ ′ σ (k 2 ) in the various amplitudes (64).
Using the Ward identities Eqs. (36) and (37), we immediately obtain for the linear factor k 1ρ
Comparing each of these expressions with that Eq. (56) for k 1ρ G rs(f ) ρσij , and using the definition Eqs. (38)- (40), we see that when contracted with the corresponding expression for
h.s. of (64), in all cases only the term proportional to k 2 2 t σν ′ (k 2 ) contracted with corresponding term from the l.h.s. contributes to the PT self-energy. An exactly similar result holds for the factors k 2σ ′ , k 2σ . Thus, the self-energy contributions proportional to (1 − ξ) from any of the combinations of fields in (64) are identical.
where, in the five-point expression, we have only troubled to record the term proportional to G nabc ναβγ (q, p 1 , p 2 , p 3 ). Exactly as in the four-fermion case Eq. (57), when mulitplied with the corresponding expression for
, none of these terms contributes to the PT self-energy.
The additional contributions to the PT self-energy from the amplitudes in (64) which occur for ξ = 1 are therefore given, just as in the four-fermion case Eq. (59), by the appropriate term from
where the factor I 1 was defined in Eq. (60).
There remain the tadpole-like contributions from the vertex diagrams analogous to that shown in Fig. 2(d) in the four-fermion case.
For the interactions involving a pair of gluons A a α A b β on the r.h.s., the relevent diagram is shown in Fig. 8(b) (without loss of generality, we consider a gluon pair on the l.h.s. of the diagrams). The amplitude for the diagram Fig. 8(b) is given by Fig. 8(b 
In the Ward identity Eq. (36) used to extract the effective two-point component of this diagram, together with that of the other diagrams formed from the "product" of G rsab Fig. 8 
The terms k 2 1 t ρβ (k 1 ) and k 2 2 t σγ (k 2 ) pinch the propagtors iD ρ ′ ρ (k 1 ) and iD σ ′ σ (k 2 ), respec-tively, in Eq. (74), resulting in the tadpole-like contribution to the PT self-energy
This expression is exactly analogous to that Eq. (63) in the four-fermion case, except for the substitution of the adjoint representation Casimir coefficient C A = N for C F . Just as in the fermion case, the term above proportional to +N exactly cancels against a pair of tadpole terms from the self-energy corrections to the external legs. This leaves the term proportional to − 1 2 N . This contribution to the PT "effective" two-point function is identical to the corresponding result Eq. (63) in the four-fermion case. For the interactions involving a triple of gluons A a α A b β A c γ on the r.h.s., the corresponding diagrams contributing tadpole-like pinch parts to the PT self-energy are shown in Fig. 9 . These diagrams have not been considered so far, i.e. they do not occur in the "product" of G rsabc ρσαβγ with G
In order to deal with the colour structure of these diagrams, it is convenient to define the group theoretic quantity
There then exist the following identities:
Proceeding in the same way as in the case of a pair of gluons A a α A b β we obtain 
The term proportional to + 3 2 N is cancelled by tadpole contributions from the conventional self-energies of the three external legs, leaving exactly the required contribution to the "effective" two-point function.
We therefore see that in all cases, the tadpole terms exactly cancel against oneanother. It is not difficult to see that, despite the many factors of longitudinal loop four-momentum occurring in the diagrams for ξ = 1, the various terms considered above are the only contribuitions to iΠ mn µν . We have therefore demonstrated explicitly that the one-loop "effective" two-point defined in Eqs. (38)- (40) in the off-shell PT is simultaneously gauge-independent and universal, regardless of the fact that the "external" fields in the (sub)processes from which it is isolated are off-shell.
Dyson Summation of iΠ mn
µν (q) The final task is to show how the PT one-loop gluon self-energy may be summed in a Dyson series. This involves i) identifying the subclasses of n-loop diagrams, n = 1, 2 . . . ∞, which contain the chains of n PT one-loop self-energies implicitly, and ii) showing how, in an arbitrary gauge, the fundamental cancellation mechanism which operates at one loop generalizes to n loops, so that the chains of n PT one-loop gauge-independent self-energies can be isolated explicitly and unambiguously in the corresponding Feynman integrands.
The first step has been made by Papavassiliou and Pilaftsis [26] , who gave an heuristic outline of the Dyson summation. Working in the Feynman gauge, this involved enumerating the pinch contributions needed to convert chains of conventional one-loop self-energies into chains of PT self-energies, and then re-allocating "by hand" the required contributions from conventional multi-loop self-energy, vertex and box diagrams. Extending this approach to the standard electroweak model, these authors were able to show that the Dyson summation of the PT W and Z boson self-energies does not shift the pole of the corresponding propagators. However, no attempt was made to rearrange directly the multi-loop diagrams at the Feynman integral level, as at one loop, nor to demonstrate the required gauge cancellation mechanism. This second step initially appears formidably difficult, since it involves the consideration in an arbitrary gauge of diagrams occurring at all orders in perturbation theory. Furthermore, the fact that the PT has yet to be formulated beyond one loop apparently precludes any analysis beyond the heuristic approach of [26] . However, it will be shown how, for the Dyson summation, the present limitation of the PT to one-loop order can be circumvented, and the required gauge cancellation mechanism demonstrated explicitly in the relevant subclasses of diagrams at all orders in perturbation theory.
So far, purely for reasons of familiarity, we have chosen to work in the class of linear covariant gauges. At the one-loop level, the contributions from the ghost diagrams which necessarily occur in this class of gauges simply add to (or, more precisely, subtract from) the gluon contributions to the PT gauge-independent n-point functions in exactly the same way as with conventional n-point functions. Thus, at one-loop level, the accommodation of ghosts in the PT is trivial. However, for the multi-loop diagrams involved in the Dyson summation of the PT one-loop self-energy, the presence of ghosts presents a problem, as we now describe.
At first sight, it might appear that, working in a class of covariant gauges, one should also include the vertices involving the coupling of gluons to ghosts in (38) in the definition of iΠ mn µν (q). By analogy with the tree level four-and five-point functions G ab(f ) αβij , G abcd αβγδ and G abcde αβγδǫ Eqs. (28)- (30), one can construct the gluon pair-ghost pair four-point function G abcd αβ , consisting of the three different ways of coupling a pair of gluons A a α , A b β to a pair of ghosts η c ,η d at tree level. Including this four-point function on each side of the expression (64), one could then attempt to isolateΠ ′ (k, q) from the integrands for the diagrams involving "external" ghosts in the same way as for the cases of "external" fermions and gluons described in Secs. 4.2 and 4.3. However, the Ward identity obeyed by this gluon pair-ghost pair four-point function G abcd αβ is not similar to those Eqs. (35)- (37) obeyed by the four-and five-point functions G ab(f ) αβij , G abcd αβγδ and G abcde αβγδǫ involving only fields from L cl . As a result, the PT cancellation mechanism which occurs among the one-loop diagrams for the cases of external fermions and gluons does not occur for the cases involving external ghosts, and one does not obtain iΠ mn µν (q). The reason for this is clear. In (38), the off-shell external fields from L cl may or may not be propagating in loops. By contrast, ghost fields only propagate in loops, where their role is to cancel the unphysical contributions in the corresponding gluon loops which occur as a result of the covariant gauge-fixing procedure. Given their role, there is no reason to expect that ghosts can be treated as "external" fields in isolation from the corresponding gluons in the way that fermions (and scalars) can. In particular, there is no reason to expect the PT one-loop cancellation mechanism to occur in the subprocess whose diagrams have the form of one-loop corrections to a gluon mediating the tree level interaction between sets of fields involving ghosts. Rather, the multi-loop diagrams involving ghosts will be inseparably related to the corresponding diagrams involving gluons in the PT rearrangement of perturbation theory beyond one loop.
Vertices involving the coupling of gluons to "external" ghosts therefore should not be included in (38) in the definition of the off-shell PT one-loop "effective" two-point function. But this immediately presents a problem for the attempt to generalize to chains of n loops the one-loop gauge cancellation mechanism required to demonstrate explicitly the Dyson summation ofΠ: in the absence of the formulation of the PT beyond the one-loop level, there is no criterion for isolating the contributions to chains of one-loop Π's from multi-loop diagrams involving ghosts. For example, in the two-loop diagram of Fig. 10 , there is no criterion for distinguishing in the Feynman integrand contributions to a pair of PT one-loop self-energiesΠ and contributions to the as-yet-unknown PT 1PI two-loop self-energy. However, there is an obvious way to circumvent this difficulty: work in a class of ghostfree gauges. The immediate objection to this is that, if the "effective" two-point function Π obtained in the off-shell PT is supposed to be fully independent of the gauge fixing procedure, then this restriction should not be necessary. The answer to this is that, at the one-loop level,Π indeed is gauge-fixing-procedure-independent. 11 It is only beyond one loop that, in the absence of a full all-orders formulation of the PT, we are restricted to the class of ghost-free gauges in order to be able to identify explicitly the chains of n one-loop PT self-energies among sets of n-loop diagrams, and hence to demonstrate explicitly the Dyson summation ofΠ.
We therefore change from the class of linear covariant gauges considered so far to the class of non-covariant gauges n·A a = 0, where n µ is an arbitrary space-like or light-like four-vector. (For a review of non-covariant gauges, see [27] .) Formally, these gauges may be obtained from the path integral by adding the gauge-fixing term −(n·A a ) 2 /2λ to L cl and then taking the limit λ → 0. The resulting propagator is
with n 2 < 0 the class of axial gauges and n 2 = 0 the light-cone gauge. The four-vector n µ is orthogonal not only to the polarization vectors ǫ i µ (q), i = 1, 2, for on-shell gluons, but also to the propagator D A µν (q):
(the latter in fact follows from the former, since the numerator in D A µν (q) is precisely the polarization sum
). Conceptually, non-covariant gauges are simpler than covariant gauges in so far as the gluon propagator Eq. (80) does not generate unphysical contributions in loop diagrams which subsequently have to be cancelled by corresponding diagrams involving ghosts. However, in the conventional perturbation theory approach, these gauges have the disadvantages that i) they break manifest Lorentz covariance and ii) the terms n ·q in the propagator Eq. (80) lead to "spurious" singularities in the perturbative Green's functions. These singularities, related to the residual gauge freedom, require careful handling using principle value prescriptions. In the PT framework however, both of these drawbacks of non-covariant gauges are entirely obviated.
In the class of non-covariant gauges, the tree level four-and five-point functions G 
then for the gluon four-point function,
Similarly, the Ward identities for G Aab(f ) αβij and G Aabcde αβγδǫ are as in Eqs. (35) and (37) except for the corresponding replacements throughout of D µν by D A µν and l µν by l A µν . In Sec. 4.1, the PT self-energy was defined to be transverse: iΠ µν (q) = iq 2 t µν (q)Π(q 2 ). In the class of covariant gauges, attaching tree level gluon propagators to each of the external legs of iΠ µν (q) then gives
Thus, in this class of gauges, the integrandΠ ′ (k, q) of the PT one-loop self-energy function Π(q 2 ) appears in (38) as the coefficient of the transverse projection operator t µν (q) between any pair of tree level vertices from L int cl . This is the definition ofΠ(q 2 ) given in Sec. 4.1 and used in Secs. 4.2 and 4.3.
In the class of non-covariant gauges, attaching tree level gluon propagators to each of the external legs of the the transverse tensor iΠ µν (q) gives
is (minus) the numerator of D A µν (q), Eq. (80). Thus, working in the class of non-covariant gauges, the integrandΠ ′ (k, q) of the PT gauge-independent self-energy functionΠ(q 2 ) should appear, not as the coefficient of t µν (q), but rather as the coefficient of s µν (q) between any pair of tree level vertices from L int cl :
For n µ ∝ q µ , i.e. the case of covariant gauges, s µν (q) reduces to t µν (q). Thus, the definition (87) is in fact the generalization of that given in (38). The requirement thatΠ ′ (k, q) appear as the coefficient of s µν (q) in (87) is directly related to the renormalizability and gauge independence of the theory in the presence of the gauge-fixing term −(n·A a ) 2 /2λ : at the one-loop level, and before the limit λ → 0 has been taken, the resulting PT one-loop-corrected propagator
has inverse∆
to O(g 2 ). Thus, it may be multiplicatively renormalized in the usual way with the wavefunction renormalization constant Z 3 . But in general, with the introduction of the fourvector n µ into the lagrangian, terms with other Lorentz structures are possible for the self-energy. Such terms interfere with renormalizability and gauge independence. No such terms appear in the PT rearrangement of perturbation theory. We now turn to the Dyson summation. To begin with, we assume the absence of fermions (n f = 0), and consider the set of purely gluonic n-loop diagrams formed from chains of n + 1 tree level gluon four-point functions G abcd αβγδ , each joined to the next by a Fig. 11 . The twenty-eight two-loop diagrams formed from the "product" of three gluon four-point functions.
pair of tree level gluon propagators: schematically, suppressing all indices and arguments and all factors except that due to symmetry, this amplitude has the form
where D is the gluon propagator and G is the gluon four-point function. For n = 1, the corresponding diagrams are just those shown in Fig. 8 . For n = 2, the corresponding diagrams are shown in Fig. 11 . For any n, the factor ( 1 2 ) n results in all cases in the correct symmetry factors for the n-loop diagrams. Clearly, as n increases, the individual diagrams included in (90) rapidly increase in both complexity and multiplicitly, so that their direct calculation rapidly becomes unfeasible. However, we will show by a simple iterative method how the gluonic contributions to the Dyson chain of n PT one-loop selfenergies may be isolated explicitly in an arbitrary non-covariant gauge from this subclass of diagrams for any n.
We start at n = 1 by considering again the one-loop diagrams shown in Figs. 8(a)-(f), but now in the class of non-covariant gauges:
The isolation of the PT two-point component of these diagrams according to the generalized definition (87) is exactly similar to that described in Sec. 4.3 for covariant gauges. Thus, for the term proportional to g ρ ′ ρ g σ ′ σ from the product of propagators in Eq. (91), the four-point functions are written as G = G F + G P in order to disentangle the longitudinal four-momentum factors originating from the triple gluon vertices in each G. The resulting contribution toΠ ′ (k, q) is identical to that obtained from these diagrams in the Feynman gauge. For the n-dependent terms from
, we use for one longitudinal factor the Ward identity Eq. (83) and for two longitudinal factors
Just as in covariant gauges terms from the Ward identities for G rsab ρσαβ , G rsa ′ b ′ ρ ′ σ ′ α ′ β ′ proportional to the longitudinal projection operator l µν (q) are orthogonal to the transverse tensor t µν (q) in the definition (38), in non-covariant gauges terms from the Ward identities for
proportional to the axial projection operator l A µν (q) are orthogonal to the tensor s µν (q) in the definition (87). One easily finds that the n-dependent terms from
(91) produce exactly the same contribution toΠ(q 2 ) as the ghost loop in covariant gauges. Also, there appear some residual q 2 -independent terms proportional to the integral
These terms are the analogue of those proportional to I 1 Eq. (60) in covariant gauges, and, in exactly the same way, are cancelled by corresponding terms from the conventional vertex and the self-energies of the "external" legs, not included in Eq. (91). Lastly, there appear no self-energy-like terms proportional to n µ n ν to interfere with the renormalization. In this way, all n-dependence in the coefficient of s µν (q) in the definition (87) cancels, and we obtain purely from the diagrams of Fig. 8 in the class of non-covariant gauges n·A a = 0 the PT gauge-independent self-energyΠ(q 2 ) once again. Having isolated the PT self-energy component of the diagrams in Fig. 8 , we can go on to isolate the component of the integrand in Eq. (91) proportional to just one tree level
. Thus, we can write
where we have retained only the PT one-loop self-energy and the one-loop "vertex-like" component proportional to the tree level vertex
. In Eq. (94), the "vertex-like" contribution has been written as the difference between the full PT gauge-independent one-loop triple gluon vertexΓ mab ναβ (q, p 1 , p 2 ) [11] and a remaining (gauge-dependent) contribution ∆Γ mab ναβ (q, p 1 , p 2 ; n). This is illustrated in Fig. 12 , where the blob marked "R" represents ∆Γ mab ναβ (q, p 1 , p 2 ; n). Just as in the case ofΠ(q 2 ), the isolation of this "vertex-like" contribution involves using the Ward identities Eqs. (83) and (92) for all of the longitudinal factors which occur in order to identify the terms pro-
. The calculation is significantly more involved than that for Π(q 2 ).
For the moment, we consider just the PT gauge-independent triple gluon vertexΓ mab ναβ (q, p 1 , p 2 ) in Eq. (94). In a symmetric notation with q 1 + q 2 + q 3 = 0 and, e.g., k 1 = k, k 2 = k − q 3 and k 3 = k + q 2 , this one-loop function is given by [11] 
The crucial point is that this PT one-loop three-point function satisfies the same Ward identity involving the difference of two PT one-loop two-point functions as the corresponding tree level quantities:
We can form the one-loop improper three-point functionĜ Aabc αβγ (q 1 , q 2 , q 3 ), consisting of the PT one-loop proper three-point function together with the PT one-loop self-energy corrections to the three external legs
This improper three-point function then obeys the Ward identity
This Ward identity is precisely the one-loop analogue of those Eqs. (35) Fig.  11 , then these two components are however just sufficient to give the part of the Ward identity Eq. (98) required for the PT cancellation mechanism to occur among the terms proportional to the longitudinal factors p 1α , p 2β : for the linear factor p 1α ,
and similarly for p 2β , while for the quadratic factor p 1α p 2β ,
The first term on the r.h.s. of Eq. (99) is the exact analogue of the very first term on the r.h.s. of Eqs. (56), (69) and (70), with the PT one-loop self-energy iΠ µν ′ (q) instead of the respective tree level vertices, while the second term on the r.h.s. of Eq. (99) is associated with the one-loop self-energy correction to the gluon A b β (p 2 ). Thus, exactly the same PT cancellation mechanism occurs among the diagrams of the second loop associated with the terms iΠ µν ′ (q) iD A ν ′ ν (q) gΓ mab ναβ (q, p 1 , p 2 ) and gΓ mab µαβ (q, p 1 , p 2 ) in Eq. (94) as occurred among the diagrams of the first loop. 12 This is illustrated in Fig. 13 .
. . . However, there is also the one-loop "remainder vertex-like" term g∆Γ mab µαβ (q, p 1 , p 2 ; n) in Eq. (94) to consider. This gauge-dependent function is given by
and, e.g., k = k 1 , and the quantities A and B are given by
(We have dropped all terms proportional to n α and n β since, as a result of Eq. (81), they always give zero contribution. Also, we have set 
the two terms proportional to k 2 1 and k 2 2 pinch the propagators D A ρ ′ ρ (k 1 ) and D A σ ′ σ (k 2 ), respectively, in Eq. (94), so that these contributions to ∆Γ mab µαβ are one-loop corrections associated purely with the external gluon legs A b β (p 2 ) and A a α (p 1 ) respectively; and the last term in ∆Γ mab µαβ , proportional to k 2 1 k 2 2 , is the tadpole-like contribution, proportional to the integral I 2 Eq. (93), mentioned above in the isolation of the PT self-energyΠ(q 2 ), and exactly cancelled by terms in the conventional self-energy corrections to the external legs A a α (p 1 ) and A b β (p 2 ), not included in the amplitude Eq. (91). Thus, the component ∆Γ mab µαβ in Eq. (94) can make no contribution to the product of two one-loop self-energies when the diagrams of Fig. 8 are contracted with a third gluon tree level four-point function to form the diagrams of Fig. 11 . We have therefore succeeded in showing explicitly how the fundamenal PT gauge cancellation mechanism which operates at one loop occurs also at two loops, enabling the Dyson chain of two PT one-loop self-energies to be isolated explicitly in an arbitrary noncovariant gauge. Clearly, this process can be iterated to all orders n in the amplitude (90).
Furthermore, as a result of the universality of iΠ mn µν (q), together with the fact that the fermion components of the one-loop two-and three-point functions also obey the Ward identity Eq. (96), exactly the same process occurs when fermion loops are included in the amplitude (90), i.e. so that G represents either the gluon four-point function Eq. (29) as above or the gluon pair-fermion pair four-point function Eq. (28), and D represents the tree level gluon or fermion propagator as appropriate. Also, this iterative process is clearly independent of the particular four-and five-point functions Eqs. (28)- (30) which occur as the 1st and the (n+1)th n-point functions at each end of (90).
We conclude that, in the class of ghost free gauges n·A a = 0, the PT gauge-independent one-loop self-energyΠ(q 2 ) can be summed explicitly in a Dyson series. This infinite, gaugeindependent subset of radiative corrections to the tree level gluon propagator may therefore be fully accounted for by the gauge-, scale and scheme-independent effective charge Eq. (24) at the tree level vertices at each end of this Dyson series.
Summary and Conclusions
In QED, the concept of an effective charge provides an extremely simple way of accounting for a well-defined, infinite, gauge-independent subset of radiative corrections to interactions mediated at tree level by a single photon. In this paper, it has been shown how, despite appearances to the contrary (Sec. 1), the QED concept of a gauge-, scale-and schemeindependent effective charge may be extended directly at the diagrammatic level to QCD.
It was first argued (Sec. 2) that the basic concept of an effective charge depends not on the conventionally-defined gauge boson two-point function per se, but rather on the existence of a universal, gauge-independent subset of radiative corrections which couple to the various sets of fields from L int cl at two points x 1 , x 2 in precisely the same way as the gauge boson which mediates their interaction at tree level. Thus, we were led to the idea of the Dyson-summed gauge boson "effective" two-point function i∆ mn Rµν (x 1 − x 2 ). In QED, this function is identical to the conventional two-point function Eq. (1) only because the theory is abelian. But in QCD, the non-abelian symmetry of the theory results in contributions to i∆ mn Rµν not only from the conventionally-defined two-point function, but also from conventionally-defined vertex and box functions. The existence of such contributions is the fundamental observation upon which the pinch technique of Cornwall and Papavassiliou is based: at the strictly one-loop level (i.e. without any Dyson summation) and for on-shell external fields from L int cl , this "effective" two-point function is precisely the gauge-independent self-energy iΠ mn Rµν obtained in the pinch technique rearrangement of one-loop contributions to S-matrix elements.
However, in QED the photon self-energy is gauge-independent regardless of whether the fields to which the photon couples are on-or off-shell. Furthermore, for the effective charge to obey at high energies the constraints of the renormalization group, i∆ mn Rµν must involve the infinite Dyson series in iΠ mn Rµν . Thus, we were led (Sec. 4) to extend the pinch technique to the general case of explicitly off-shell processes, independent of any reference to S-matrix elements or any other a priori gauge-independent quantity. It was shown explicitly how the pinch technique self-energy constitutes a well-defined "effective" two-point component of one-loop interactions which remains gauge-independent and universal, independent of whether the "external" fields are on-or off-shell. This was shown to be due to a fundamental cancellation among contributions to the "effective" two-point function from the conventional gauge-dependent self-energy and the pinch parts of conventional gaugedependent vertex and box diagrams, leaving always the gauge-independent and universal pinch technique self-energy iΠ mn Rµν . This cancellation is encoded in the tree level Ward identities of the theory, and is entirely independent both of the species of the "external" fields in the process and of whether they are on-or off-shell. In the usual arrangement of perturbation theory, this cancellation is obscured in the complicated gauge-dependence of conventional one-loop diagrams, and typically only emerges "miraculously" at the end of a calculation. However, by writing subsets of one-loop diagrams in terms of the "products" of tree level four-and five-point functions and exploiting directly their Ward identities, we were able to make these cancellations simply and immediately, thereby isolating, in an arbitrary gauge and with a minimum of effort, the one-loop gauge-independent "effective" two-point component from up to several hundred diagrams at once.
Furthermore, it was shown explicitly how the pinch technique one-loop "effective" twopoint function sums in a Dyson series. In the absence of an all-orders formulation of the pinch technique (and only for this reason), we were restricted to the class of non-covariant gauges in order to avoid ghosts. Within this class of gauges, it was then shown how the one-loop cancellation mechanism iterates for the subclasses of n-loop diagrams containing implicitly the chains of n pinch technique one-loop self-energies. In this way, we were able to isolate explicitly the chains of n pinch technique self-energies required to form the Dyson series, and to prove their gauge-independence.
We therefore conclude that the two questions posed in the introduction in the context of renormalon calculus are answered as follows:
1. The gauge-independent combination of fields one is summing to obtain the QCD effective charge with the full one-loop β-function coefficient β 1 = − 11 3 N + 2 3 n f as the coefficient of the logarithm is that included in the pinch technique Dyson-summed "effective" two-point function∆ mn Rµν (q) Eq. (22) . This function is obtained from the subclass of diagrams corresponding to the amplitude (90) after effecting the fundamental pinch technique cancellation among the conventionally-defined, gauge-dependent self-energy, vertex and box diagrams occurring in (90) at n loops, n = 1, 2 . . . ∞.
2. The value of the constant term in the corresponding self-energy-like function is that given in Eq. (11) for the unrenormalized PT self-energyΠ(q 2 ). Thus, in the MS scheme, the value is ( 67 9 N − 10 9 n f )(g 2 /16π 2 ).
From the point of view of renormalon analyses, having identified explicitly the infinite, gauge-independent subclass of radiative corrections accounted for by the QCD effective charge, the important question is: in what approximation or limit, if any, do these contributions dominate over all other classes of diagrams? In QED, the 1/n f expansion provides a well-defined framework in which the Dyson chains of fermion loops represent the leading (non-trivial) contributions to, for example, the correlation function of two fermion currents. In QCD however, it appears that there is no analogous parameter or limit, so that any dominance of the radiative corrections involved in the Dyson chains accounted for by the QCD effective charge would have to be dynamical in origin.
From a more general point of view, the work described here shows that the pinch technique algorithm is in fact more elegant than the usual statement that it consists in rearranging one-loop S-matrix elements into components with distinct kinematical properties which are then individually gauge-independent. Rather, it amounts to the recognition of a fundamental cancellation mechanism among the underlying perturbation theory diagrams, independent of any embedding in S-matrix elements. Here, we have been concerned almost exclusively with the simplest n-point function, viz. the gluon self-energy. However, the issues dealt with in the particular context of an effective charge for QCD-off-shell gauge independence, universality, multi-loop diagrams-encourage the idea that the pinch technique may provide the basis for a well-defined and complete reorganisation of perturbation theory, to all orders, in terms of gauge-independent n-point functions, with the only gauge dependence occurring in the longitudinal part of the free gluon propagator. In order, however, to put such an approach on a firm field-theoretic footing, it would be necessary to go beyond the crude diagrammatics considered here and formulate the pinch technique directly at the level of the path integral.
Appendix. The Heavy Quark Limit
In this paper, it has been shown explicitly how the Dyson summed "effective" two-point function obtained in the off-shell PT constitutes the gauge-independent and universal subset of radiative corrections required for the effective charge defined in Sec. 2. This has involved considerations purely at the level of the Feynman integrands for n-loop diagrams. However, in QED the vacuum polarization of the photon has a direct physical interpretation as the correction to the Coulomb interaction between static heavy charges. This has led, by analogy, to a popular definition (see e.g. [28] ) of an effective charge for SU(N ) QCD in terms of (the Fourier transform of) the potential between a static heavy quark-antiquark pair:
where q is the three-momentum associated in the Fourier transform with the interquark separation r, C F = (N 2 − 1)/2N and gis the static heavy quark effective charge. The question therefore arises: what is the relation of this heavy quark effective charge to that defined in Sec. 2?
The potential V(q 2 ) may be calculated directly in perturbation theory. At the oneloop level, and before renormalization, one obtains for n f flavours of massless fermion [29] [30] V(q 2 ) = − g 2 C F q 2 1 + g 2 16π 2 β 1 −C UV + ln q 2 µ 2 + 31 9 N − 10 9 n f (107)
The corresponding one-loop self-energy-like function Πthus differs from that Eq. (11) of the PT by a constant:
In the one-loop potential V(q 2 ), this constant is of course irrelevant. But if, after renormalization, this function Πis used to define an effective charge
then, away from the asymptotic regime governed by the β-function, this heavy quark effective charge Eq. (110) differs from that Eq. (24) obtained via the PT. In order to understand this difference, it is necessary to consider the PT in the limit of very heavy external quark fields. In particular, we consider the S-matrix element at the one-loop level for the four-fermion scattering process ψ
, with m i (= m j ) = m i ′ (= m j ′ ) = M and M 2 ≫ −q 2 where q 2 < 0 (elastic scattering). The diagrams for this process are just those shown in Fig. 2 . Evaluating the one-loop integrals for this on-shell process in dimensional regularization and then taking the heavy quark limit, so that
where Λ is the ultraviolet cutoff, one obtains for the full (unrenormalized) one-loop amplitude [31] 
i.e. a two-point-like interaction with precisely the self-energy-like function Π(q 2 ) Eq. (109). Thus, in the heavy quark limit Eq. (111), one not only isolates the PT "effective" two-point contributionΠ(q 2 ), but also additional two-point-like contributions from the vertex, external leg and box diagrams Figs. 2(b)-(f) which combine to give the term −4N (g 2 /16π 2 ) in Eq. (109) (In QED, these additional contributions vanish identically due to the abelian group structure, exactly like the pinch contributions, leaving just the conventional photon self-energy.) There are three essential observations to make concerning this result. First, as emphasized earlier, the PT self-energy component of ΠEq. (109) in (112) is obtained before carrying out the loop integration for the one-loop interaction. By constrast, the additional constant component −4N (g 2 /16π 2 ) is obtained only after carrying out the loop integration for the vertex, external leg and box diagrams Figs. 2(b)-(e) and then taking the limit Eq. (111). Thus, after extracting the pinch part contributions Figs. 2(g)-(i) of these diagrams and then carrying out the loop integration, there is a component of the remaining vertex, external leg and box corrections which has the Lorentz and colour structure of a pair of tree level vertices igγ µ T m j ′ i ′ , igγ ν T n ji , multiplied by a complicated function of the momenta and masses of the external fermions. In the limit (111), this function reduces to a constant, giving the additional component −4N (g 2 /16π 2 ) in (112). Second, while the PT component of Πis universal, the component −4N (g 2 /16π 2 ) is obtained from a particular process in a particular kinematic limit. Clearly, for the interaction between external gluons, there is no analogue of the limit (111). Third, the amplitude (112) is an S-matrix element, and so is known a priori to be gauge-independent. For the case of off-shell external fermions, there is no reason for the contribution −4N (g 2 /16π 2 ) to Πfrom the vertex, external leg and box diagrams to remain gauge-independent. This is in contrast to the PT constribution, which remains always gauge-independent as a result of the Ward identities of the theory. Thus, the effective charge Eq. (110) defined from the static heavy quark potential Eq. (106) does not have a direct interpretation in terms of radiative corrections included in a renormalized propagator like Eq. (1), is not universal, and is not necessarily gaugeindependent for off-shell processes. We therefore argue that the heavy quark definition, though appealing from the simple analogy with the QED Coulomb Law, is inferior to the more purely field-theoretic definition of the QCD effective charge given here in Sec. 2.
